This paper proposes a GARCH-type model allowing for time-varying volatility, skewness, and kurtosis assuming a Johnson's SU distribution for the error term. This distribution has two shape parameters and allows a wide range of skewness and kurtosis. We then impose dynamics on both shape parameters to obtain autoregressive conditional density (ARCD) models, allowing time-varying skewness and kurtosis. ARCD models with this distribution are applied to the daily returns of a variety of stock indices and exchange rates. Models with time-varying shape parameters are found to give better fit than models with constant shape parameters. Also, a weighted forecasting scheme is introduced to generate the sequence of the forecasts by computing a weighted average of the three alternative methods suggested in the literature. The results showed that the weighted average scheme did not show clear superiority to the other three methods.
Introduction
Many papers deal with the departures from normality of asset return distributions. It is well known that the distributions of stock return exhibit negative skewness and excess kurtosis; see among others [2, 9, 14, 15] . The higher moments of the return specifically, excess kurtosis (the fourth moment of the distribution) makes extreme observations more likely than in the normal case, which means that the market gives higher probability to extreme observations than in sets include daily closing prices from August 6, 2001 , through December 10, 2013 , for all stock indices and from July 1, 2005 , to September 17, 2013 , for all exchange rate series with a total of 3001 observations for each data set. The estimation process for the two sets of data was run using 2001 observations as in-sample, while the remaining 1000 observations were used for the out-of-sample forecast. Based on the empirical evidence, it is common to assume that the logarithmic return series r t = 100 * [ln(p t ) À ln(p t À 1 )] (where P t and P tÀ1 are the price at the current day and previous day, respectively) is weakly stationary. Table 1 reports the descriptive statistics for all return series. It shows that all data exhibit excess kurtosis (leptokurtosis) and skewness, which represents the nature of departure from normality. The Jarque-Bera (JB) statistics for normality test show that the null hypotheses of normality are strongly rejected for all daily returns of stock and exchange rate series.
Methodology
Preliminary results in the preceding section provided evidence of a significant deviation from normality and obvious leptokurtosis in all daily return series. This suggests specifying GARCH models that capture these characteristics. In presenting these models, there are two distinct equations or specifications, one for the conditional mean and the other for the conditional variance. For the models employed in this paper, the mean equation for all stock return series is the AR(1) model with a constant, and for all exchange rate return series, we used the MA(1) model without a constant. After estimating the mean equation, the next step was to identify whether there is substantial evidence of heteroscedasticity for the daily returns of stock and exchange rate series. t are significant for the presence of time-varying volatility, skewness, and kurtosis for all daily returns of stock and exchange rate series.
Distributional assumptions
To complete the basic GARCH specification, an assumption about the conditional distribution of the error term ε t is required. The expectation is that the excess kurtosis and skewness displayed by the residuals of conditional heteroscedastic models will be reduced, when a more appropriate distribution is used. The Johnson's SU distribution is resorted to in this study. This distribution has two shape parameters that allow a wide range of skewness and kurtosis levels of the type anticipated, and it is used in financial returns data [4, 18] . The Johnson's SU distribution was derived by Johnson [10] through transformation of a normal variable. Letting z~N(0,1) the standard normal distribution, the random variable y defined by the transformation:
where sinh À1 is the inverse hyperbolic sine function defines a Johnson's SU variable. The form of the density of the Johnson's SU distribution, which will be used for the estimation procedure, is that due to Yan [18] : where y ∈ R, φ is the density function of N(0, 1), ξ and λ > 0 are location and scale parameters, respectively, while γ, δ > 0 can be interpreted as skewness and kurtosis parameters, respectively. The parameters are not the direct moments of the distribution. The first four moments, the mean, variance, third central moment, and fourth central moment, respectively, of the distribution according to Yan [18] are as follows:
The quantities Ω and ω in the moment formulas are Ω = γ/δ and ω = exp(δÀ2). The skewness and kurtosis are jointly determined by the two shape parameters γ and δ. The standardized Johnson's SU innovations exist when ξ = 0 and λ = 1, but the mean and the variance are not 0 and 1, respectively. These can be done by setting the parameters in the following manner:
Maximum likelihood
Under the presence of heteroscedasticity (autoregressive conditional heteroscedasticity (ARCH) e f f e c t s )i nt h er e s i d u a l so ft h ed a i l yr e t u r n so fs t o c ka n de x c h a n g er a t es e r i e s ,t h eo r d i n a r yl e a s t square estimation (OLS) is not efficient, and the estimate of covariance matrix of the parameters will be biased due to invalid 't' s ta ti st i c s .T h e re fo r e ,A R C H -ty pe models cannot be estimated by simple techniques such as OLS. The method of maximum likelihood estimation is employed in ARCH models. For the formal exposition of the approach, each realization of the conditional variance h t has the joint likelihood of realization:
The log likelihood function is:
The parameter values are selected so that the log likelihood function is maximized using a search algorithm by computers. As it was shown in Section 2.2, when the residuals were examined for heteroscedasticity, the Ljung Box test provided strong evidence of ARCH effects in the residuals series, which suggests proceeds with modeling the returns volatility using the GARCH methodology. The model to be estimated in this study is the standard GARCH(1, 1) model with constant shape parameters, and also, we impose dynamics on both shape parameters to obtain autoregressive conditional density (ARCD) models. 4 This allows for time-varying skewness and kurtosis assuming Johnson Su distribution for the error term in the two cases. Before presenting the estimation results obtained with both the stock return series and the exchange rate return series, the four nested models to be estimated are summarized as follows:
For stock return series:
Mean equation
Skewness equation
Kurtosis equation
For all stock return series, the study is going to use GARCH(1,1) model with a similar specification to that of Hansen [7] for shape parameters (γ t , δ t ) but employs the standardized innovation z tÀ1 instead of nonstandardized ε tÀ1 as in Eqs. (13) and (14) .
For exchange rate return series:
ARCD is the approach, where dynamics imposed on shape parameters and skewness or kurtosis are derived from the time-varying shape parameters.
For the exchange rate return series, a specification similar to that of [11] for shape parameters (γ t , δ t ) is used with the exception that it utilizes the standardized innovation z tÀ1 instead of nonstandardized ε tÀ1 as in Eqs. (17) and (18) . It also considers the absolute standardized shocks for the shape parameter in Eq. (18), Ghalanos [6] . So, first, we start by estimating the two standard models for the conditional variance: the AR(1)-GARCH(1,1) model (Eqs. (11) and (12)) for the stock return series and MA(1)-GARCH(1,1) model (Eqs. (15) and (16)) for the exchange rate return series. Second, the generalizations of both the standard GARCH and GARCH models with time-varying skewness and kurtosis (GARCHSK) as in Eqs. (11)- (14) for the stock return series and Eqs. (15)- (18) for the exchange rate return series are estimated.
The results for the stock return series are presented in Tables 3 and 4 for both the standard GARCH and GARCHSK models, respectively. As expected, the results indicate high and significant presence of conditional variance, since the coefficient of lagged conditional variance (b 2 ) is high, positive, and significant. Volatility is found to be persistent, since the coefficient of lagged volatility (b 1 ) is positive and significant, indicating that high conditional variance is followed by high conditional variance. The sum of the two estimated coefficients (b 1 + b 2 ) in the estimation process is very close to one, implying that large changes in stock returns tend to be followed by large changes, and small changes tend to be followed by small changes. This confirms that volatility clustering is observed in the stock returns series. For the skewness and kurtosis equations, it is found that for all stock return series, days with high conditional skewness and kurtosis are followed by days with high conditional skewness and kurtosis except DAX30 in kurtosis case, since the coefficients for lagged skewness (c 3 ) and for lagged kurtosis (d 3 ) are positive and significant. In summary, there is a significant presence of conditional skewness and kurtosis for all stock return series, since at least one of the coefficients associated with the standardized shocks or squared standardized shocks to (skewness and kurtosis) or to lagged (skewness and kurtosis) is found to be significant.
The results for the five exchange rates are presented in Tables 5 and 6 for GARCH and GARCHSK models, respectively. As expected, the results are the same as in the case of stock return series, i.e., the results also indicate highest significant presence of conditional variance. Volatility is found to be persistent, and volatility clustering is also observed in exchange rate return series. A significant presence of conditional skewness and kurtosis for all exchange rate return series is confirmed, since at least one of the coefficients associated with the standardized Finally, it is worth noting that from the bottom of Tables 3-6 , the value of Akaike information criterion (AIC) decreases monotonically when moving from the simpler model (standard GARCH) to the more complicated ones (GARCHSK) for all return series. Therefore, for all return series analyzed, the GARCHSK model specification seems to be the most appropriate one according to the AIC. Note that the ARCH-LM test statistics for all return series did not exhibit additional ARCH effect. This shows that the variance equations are well specified and adequate.
Comparison of models
One way to start comparing the models is to compute the likelihood ratio test. The LR test statistic has been used to compare the standard GARCH model (restricted model) and GARCHSK model (unrestricted model), where Johnson Su distribution is assumed for the standardized error z t in both specifications. The results are contained in Table 7 . The value of the LR statistic is quite large in all return series. This means that the GARCHSK model is showing superior performance than the standard GARCH model with constant shape parameters.
A new forecast scheme
In the literature, three alternative ways for generating the sequence of the forecasts, namely the recursive, rolling, and fixed schemes are suggested, see [13] . In this paper, the estimation Table 7 . Likelihood ratio tests for all daily returns of stock and exchange rate series.
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sample of the models for all return series is based on R = 2000 observations, while the last P = 1000 observations are used for the out-of-sample forecast. Only the case of generating one-step ahead forecasts using the three alternative methods to generate a sequence of P one-step ahead forecasts is considered. For the estimation sample sizes R for all return series, the study will consider five different values for P for the three alternative schemes, namely P = 200, 400, 600, 800, 1000.
In this section, an attempt is made to introduce a new alternative scheme to generate the sequence of the forecasts by computing a weighted average of the last three alternative methods. The weights used are the reciprocals of the MSE of the methods. The rationale behind this is that a method with large mean square forecasting errors (MSE) (i.e., less reliability) should be given a smaller weight. The suggested name for the new method is "weighted average scheme." The four forecasting alternative schemes are applied using the estimated GARCHSK models for stock and exchange rate return series, which are given in the previous section and the results are shown in Table 8 . Table 8 presents the averages of the mean square forecasting errors over all levels of out-ofsample forecast (P = 200, 400, 600, 800, 1000) for the recursive, rolling, fixed, and weighted average schemes for all daily returns of stock and exchange rate series. The results show that the average forecasting mean squares errors for the four forecasting methods for all return series differ only either in the second decimal place or third decimal place. Although the weighted method shows clear superiority to the recursive and fixed methods, it failed to beat the rolling method which outperforms all other three methods in these data. We attribute the fair performance of weighted method compared to the rolling method possibly because of the Table 8 . Averages of the mean square forecasting errors over all levels of out-of-sample forecast (P = 200, 400, 600, 800, 1000) for all forecasting alternative schemes for all daily returns of stock and exchange rate series.
Volatility Parameters Estimation and Forecasting of GARCH(1,1) Models with Johnson's SU Distributed Errors http://dx.doi.org/10.5772/intechopen.70506small differences in the mean square errors of the un-weighted methods. We expect it to perform better in cases, where the three methods differ markedly with respect to their mean square errors.
Conclusions
This chapter proposes a GARCH-type model that allowing for time-varying volatility, skewness, and kurtosis where assuming a Johnson's SU distribution for the error term. Models estimated using daily returns of five stock indices and five exchange rate series. The results indicate significant presence of conditional volatility, skewness, and kurtosis. Moreover, it is found that specifications allowing for time-varying skewness and kurtosis outperform specifications with constant third and fourth moments. Also, a weighted average forecasting scheme is introduced to generate the sequence of the forecasts by computing a weighted average of the three alternative methods namely the recursive, rolling, and fixed schemes are suggested. The results showed that the weighted average scheme did not show clear superiority to the other three methods. Further work will consider linear and nonlinear combining methods and different forecasting horizons to forecast stock and return series. 
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